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Abstract
Milk crown is a phenomenon in which a droplet bounces up in a crown-like shape when 

it falls into a liquid film. This beautiful fluid phenomenon occurs in a short time due to the 
balance between the liquid’s inertial force and surface tension. Reproducing this phenom-
enon using computational fluid dynamics (CFD) is extremely difficult and has long been a 
challenging task. Multiphase flow analysis is difficult because the density difference be-
tween the gas and the liquid phases is approximately 1 000 fold. In recent years, the develop-
ment of the Volume of Fluid method, which considers the free surface of a liquid, has im-
proved the level of multiphase flow analysis. However, it remains difficult to accurately 
calculate the behavior of the gas-liquid interface while considering the surface tension. In 
this paper, numerical analysis techniques were reported to represent a milk crown on a 
computer.

*	 Ph. D., General Manager, Head of Dept., Mathematical Science & Technology Research Lab., Advanced Technology Research Laboratories 
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1.	 Introduction
A milk crown is a beautiful natural phenomenon where a milk 

droplet, when dropped, bounces upward in a crown-like shape. Also 
called a Milk Drop Coronet, debate exists over whether it resembles 
a crown or a coronet, yet its beauty attracts many people. The time 
during which a milk crown forms and disappears is extremely short, 
lasting only a few milliseconds, making it difficult to observe its de-
tailed behavior visually. The milk crown was first reported in an ac-
ademic journal by A. M. Worthington in 1907, 1) and H. E. Edgerton 
captured stunning photographs of it in 1957. 2) Edgerton, a pioneer in 
strobe control technology, photographed and reported numerous 
phenomena occurring on the order of 1/1 000 of a second.

As high-speed photography technology has advanced, analysis 
of milk crown behavior has progressed, with numerous reports pub-
lished. Deegan et al. analyzed high-speed camera footage, classify-
ing milk crown morphologies into Crown Splash, Microdroplet 
Splash, and Peregrine Sheet, and organized them using the dimen-
sionless Weber number We and Reynolds number Re. 3)

	 We =  ,   Re =  			   (1)

Here, ρ is the liquid density, D is the droplet diameter, U is the drop-
let falling velocity, σ is the surface tension, and ν is the kinematic 
viscosity coefficient.

The formation of a milk crown involves a four-stage process. 
First, the droplet impacts the liquid film, forming an annular liquid 
film with a thickened upper edge. Next, this thickened upper edge 

undergoes flow instability, creating wavy regions of varying thick-
ness. In the third stage, multiple protrusions called arms or corners 
grow from the thickened edge regions. In the fourth stage, the tips 
of these protrusions become rounded due to surface tension and de-
tach from the protrusions. This fourth-stage shape is the iconic form 
of the milk crown, known as the Crown Splash. Microdroplet Splash 
is the phenomenon where minute droplets scatter before protrusions 
grow. Peregrine Sheet involves the formation of a cylindrical mem-
brane bulge, but the protrusions do not grow sufficiently.

According to Deegan et al., Crown Splash occurs exclusively 
when the Reynolds number (Re) is less than 1 000 and the Weber 
number (We) is greater than 600. As Re increases, Microdroplet 
Splash accompanies it. Furthermore, Peregrine Sheet does not form 
when Re is 1 300 or less and We is less than 40. They report the con-
ditions in Equation (2) as necessary for Crown Splash to occur. 
Thus, it is evident that the formation of a milk crown depends on the 
balance between the inertial force of the falling droplet and interfa-
cial tension, causing its behavior to change.

	 We > 2.6 × 104 Re−0.5				   (2)
Terzis et al. performed detailed imaging and quantitative analy-

sis of milk crowns using urea aqueous solutions with adjusted sur-
face tension. 4) They analyzed the number of arms formed based on 
the We number and liquid film thickness, reporting that fewer arms 
form as the We number decreases and the liquid film thickens. Fur-
thermore, the thickness of the liquid film where the droplet impacts 
also significantly influences milk crown formation.
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The difficulty in performing numerical fluid analysis of milk 
crowns lies in the challenge of reproducing free surfaces. Fluid 
analysis using methods like the finite difference method or finite 
volume method, which discretize space and calculate liquid motion 
in a Lagrangian manner, cannot completely suppress numerical dif-
fusion. This leads to the problem of the interface becoming blurred 
due to transport. Consequently, many reported analyses of milk 
crowns use particle models 5) or the lattice Boltzmann method 6). 
While these computational methods excel at representing free inter-
faces, they make coupled analysis with heat transfer or reactions 
difficult. In fluid analysis for steelmaking processes, analysis meth-
ods based on the finite difference method or finite volume method 
are also widely used. To incorporate the technology gained from 
tackling milk crown analysis, we undertook analysis using the finite 
volume method.

The method for handling free surfaces in the finite difference 
and finite volume methods employs the Volume of Fluid (VOF) 
method 7) developed by Hirt et al. The VOF method represents the 
interface in two-phase mixed flows (gas and liquid) by accurately 
transporting the volume fraction (VOF). Combining the VOF meth-
od with the level set method 8, 9) in an interface capture scheme en-
ables precise free surface calculations. The level set method calcu-
lates a distance function representing the distance from the interface 
to represent it. This allows for accurate calculation of surface ten-
sion, which is particularly challenging to compute. Calculations for 
systems dominated by interfacial tension, such as droplets and bub-
bles, are highly sensitive to numerical analysis. Even minor differ-
ences in computational details can lead to vastly different results. 
Consequently, numerous computational methods have been report-
ed, and the respective advantages and disadvantages of each tech-
nique have been discussed. 10) This paper presents results obtained 
by pursuing how beautifully a milk crown can be calculated, even if 
some aspects lack quantitative precision.

2.	 Mathematical Model
2.1	VOF method calculation approach

The equations to be solved for calculating a milk crown are the 
three equations shown in Equations (3) to (5). Here, ρ is the fluid 
density, u is the velocity vector, p is the pressure, μ is the viscosity 
coefficient, g is the gravitational acceleration vector, F is the exter-
nal force vector, and φ is the volume fraction of the liquid phase 
(hereafter referred to as the volume fraction). The superscript T de-
notes the transpose matrix.

   + 

Δ

 ∙ (ρuu) = −

Δ

p + 

Δ

 ∙ (μ (

Δ

u + (

Δ

u)T) + ρg + F	 (3)

	

Δ

 ∙ (ρu) = 0				    (4)

	  + 

Δ

 ∙ (φu) = 0				    (5)
Equation (3) is the momentum transport equation, Equation (4) 

is the mass conservation law, and Equation (5) is the fluid fraction 
transport equation. The unknowns are the velocity u, pressure P, 
and fluid fraction φ, and calculations are performed using these 
three governing equations.

Figure 1 shows a schematic diagram of the calculation method 
in the VOF method. As shown in Fig. 1 (a), the fluid fraction φ is 1.0 
when the liquid phase occupies 100% of the computational cell and 
0.0 when the gas phase occupies 100%. The gas-liquid interface is 
contained within cells where φ is 0 < φ < 1.

Figure 1 (b) shows the VOF method calculation flowchart and 
explains the overall computational flow. In the standard VOF meth-
od, both the gas phase and liquid phase are calculated using a single-
fluid model represented by the same velocity field. As initial condi-
tions, the initial liquid phase distribution is set by the fluid fraction, 
and for the milk crown case, a velocity is assigned to the falling 
droplet. Subsequently, Equations (3) to (5) are computed temporally 
at a small time interval Δt. The computational sequence is as fol-
lows: first, Equation (5) is used to calculate the fluid fraction φ n+1 at 
the next time step. Next, using the obtained fluid fraction, the physi-
cal properties (such as density and viscosity) for each cell are com-
puted, and then Equation (3) is used to calculate the velocity at the 
next time step. However, since there is no guarantee that the velocity 
at the next time step satisfies the conservation law in Equation (4), 
the pressure and velocity are corrected to satisfy Equation (4). Sev-
eral techniques are required to perform milk crown calculations. The 
method deemed appropriate among those investigated by the au-
thors is described in the next section.

2.2	Volume fraction transport calculation method
The discretization of Equation (5) is shown in Equation (6). The 

superscript n indicates the value at the current time, and n + 1 indi-
cates the value after Δt seconds.

	  + 

Δ

 ∙ (φ n un) = 0			   (6)

To explain the calculation method of Equation (6), Fig. 2 shows 
a schematic diagram of variable placement in fluid analysis using 
the finite volume method. φ and velocity U are set at the cell center, 

∂ (ρu)
∂t

∂φ
∂t

φ n+1 − φn

∆t

Fig. 1   Schematic diagram of VOF method
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with the flow velocity at the cell interface denoted as Uf . Figure 2 
shows a simple left-to-right flow, with the left element being the up-
stream side. The upstream side is denoted by subscript U, the center 
by C, and the downstream side by D. φC at the next time step is cal-
culated from Equation (7).

	 φ C
n+1 = −∆t (φfD

n UfD
n  SD − φfU

n UfU
n  SU) / V + φC

n	 (7)
Here, S is the interface area, and V is the cell volume. The 

change in φC is the difference between the value flowing out of the 
cell and the value flowing into it. While the interface velocity is ob-
tained from the velocity calculation results, the problem arises in 
how to set the interface value φf . Simply using linear interpolation 
from the cell center might seem sufficient, but in this case, unphysi-
cal oscillations occur, necessitating a solution. For example, apply 
an upwind difference for stabilization. This method uses the value 
from the upstream cell in the flow for the interface. Applying first-
order upwind scheme to the case in Fig. 2 yields Equation (8).

	 φ C
n+1 = −∆t (φC

n UfD
n  SD − φU

n UfU
n  SU) / V + φC

n		 (8)
While upstream differentiation enables the transport quantity to 

be calculated with a smooth distribution, it introduces the problem 
of numerical diffusion, which remains a significant challenge in flu-
id analysis today. Figure 3 illustrates numerical diffusion: (a) ideal 
transport and (b) a case where numerical diffusion occurs. At time 
n = 1, the transport quantity is 1.0 in the second cell from the left, 
with all other cells set to 0.0. When transporting from left to right, 
without diffusion, the transport should propagate downstream with 
the width of the cell at n = 1, as shown in Fig. 3 (a). However, when 
first-order upwind scheme is applied, transport propagates down-
stream prematurely before reaching the interface, as shown in Fig. 
3 (b), spreading out as if it were diffusing. This is the numerical phe-
nomenon known as numerical diffusion. When the transported 

quantity is a volume fraction, the gas-liquid interface becomes in-
creasingly blurred as the calculation progresses. To solve this prob-
lem, many interface capturing methods have been developed.

This time, the interface capture method employed was the 
CICSAM (Compressive Interface Capturing Scheme for Arbitrary 
Meshes) method. 10) The CICSAM method was a significant catalyst 
for the major advancement of the VOF method, and compared to 
other new methods, there was no significant difference.

The transport calculation of volume fraction is significantly in-
fluenced by the time integration method. Equation (8) is a simple 
method that explicitly calculates the value at time n + 1 from the val-
ue at time n. When the Courant number is small, around 0.1, the cal-
culation is feasible. The Courant number Cr is expressed as Cr = 
UΔt/Δx. Here, U is the flow velocity and Δx is the mesh length. If 
transport due to flow exceeds the mesh length in a single step, the 
calculation becomes unstable. Therefore, to perform stable calcula-
tions, the time step must be reduced, increasing computation time. 
Furthermore, since volume fraction calculations may fail, high-pre-
cision calculations are preferable. In this study, time integration was 
performed using the Crank-Nicolson method shown in Equation (9).

	  = −   {

∆

 ∙ (φ n un) + 

∆

 ∙ (φ n+1 un)}	 (9)

Equation (9) requires iterative computation because the right-hand 
side includes values from the next time step. Consequently, it re-
quires more computation time than explicit methods but allows for a 
larger Courant number. However, to maintain computational accura-
cy, the Courant number must be less than or equal to 1.

Figure 4 shows a schematic diagram of the CICSAM method 
and explains the discretization method for the advection term in the 
CICSAM method. In the CICSAM method, the advection term is 
calculated as shown in Equation (10).

  

∆

 ∙ (φu) = γ (θ) [BD Scheme] + (1 − γ (θ)) [HR Scheme]

	 γ (θ) =  ,     θ = arccos (n ∙ nφ)		 (10)
Here, n is the unit normal vector perpendicular to the cell interface, 
and nφ is the unit normal vector of the gas-liquid interface. γ (θ) is 
defined such that when the gas-liquid interface and the cell interface 
are parallel, as shown in Fig. 4 (a), γ (θ) = 1, and the BD Scheme be-
comes 100% in Equation (10). The BD Scheme is the Bounded 

φ n+1 − φ n

∆t
1
2

cos (2θ) + 1
2

Fig. 2   Coordinate system of control volume in fluid dynamics

Fig. 3   Schematic image of numerical diffusion
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Downwind Scheme, a method that adopts the downwind value. In 
Fig. 4 (a), the value φfU at the cell interface of interest is taken as φU 
from the upstream cell using the first-order upwind scheme. How-
ever, using φU results in transporting the volume fraction down-
stream before the gas-liquid interface reaches the cell interface of 
interest. To avoid this, the BD Scheme adopts φC from the down-
stream cell as the cell interface value. The BD Scheme employs a 
scheme called Hyper-C.

As shown in Fig. 4 (b), when the gas-liquid interface is perpen-
dicular to the cell interface, the volume fraction upstream can be 
transported downstream with high accuracy. Therefore, the HR 

Scheme (High Resolution Scheme) employs a high-accuracy up-
streaming method called Ultimate QUICKEST.

The normal vector nφ perpendicular to the gas-liquid interface is 
calculated from Equation (11). This method is included in the CSF 
(Continuum Surface Force) method proposed by Brackbill et al. as a 
method for calculating surface forces as volume forces 11). However, 
as discussed later, accurately determining the normal vector of the 
gas-liquid interface from the volume fraction also presents challenges.

	 nφ =  				    (11)

Figure 5 shows the calculation results for a Slotted Circle as an 
example of volume fraction transport calculation. The Slotted Circle 
method involves setting the initial volume fraction to a circular disk 
with a notch, as shown in Fig. 5 (a), rotating it once, and evaluating 
whether its shape is maintained. 12) The computational mesh was di-
vided into 35 × 35 cells, and the volume fraction transport calcula-
tion was performed at a uniform angular velocity. The Courant 
number Cr was set to 0.1, and the calculation was performed using 
an explicit method. Figure 5 (b) shows the results using the first-or-
der upwind scheme, where significant numerical diffusion caused 
the gas-liquid interface to blur. Figure 5 (c) shows the results using 
the CICSAM method. Although the volume fraction at the boundary 
exhibits some seepage, it is confirmed that the Slotted Circle shape 
is maintained.

Figure 6 shows the calculation results for the Slotted Circle with 
a Courant number Cr of 0.25. Figure 6 (a) shows the results using 
the CICSAM method with the advection term calculated using an 
explicit method, yielding unnatural results. Figure 6 (b) shows the 
results using the CICSAM method with the advection term calculat-
ed using the Crank-Nicolson method, maintaining the shape of the 
Slotted Circle. Applying the Crank-Nicolson method confirms that 

Δ

φ
| 

Δ

φ |

Fig. 4   Schematic diagram of the CICSAM method

Fig. 5   Calculation results of the slotted circle (Explicit method, Cr = 0.1)

Fig. 6   Calculation results of the slotted circle (Cr = 0.25)
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reasonable transport calculations of the fluid fraction are possible 
even at Cr = 0.25. Furthermore, Fig. 6 (c) shows results calculated 
using the FBICS method, 13) which is also suitable. While the CIC-
SAM method fails to maintain the shape at Cr = 0.5 even with the 
Crank-Nicolson method, the FBICS method successfully preserves 
the shape at Cr = 0.5.

As shown in Fig. 6, transport calculations for the gas-liquid in-
terface using the VOF method appear to be feasible at an acceptable 
level. However, the fluid fraction in the notched region exhibits 
seepage, and it is anticipated that the interface will gradually col-
lapse with successive time steps. To address this issue, a process has 
been proposed to aggregate the dispersed fluid fraction via numeri-
cal diffusion. Berberović et al. proposed the third term on the left-
hand side of Equation (12) as an interface compression method for 
transport calculations of the fluid fraction. 14)

	  + 

Δ

 ∙ (φu) + 

Δ

 ∙ (φ (1 − φ) uc) = 0		  (12)

	 uc = Cα Uf  nf ,    nf = 

Δ

f /| 

Δ

f |			   (13)
where Cα is a constant.

Takatani proposed the inverse diffusion model in Equation (14) 
as transport in the opposite direction to conventional diffusion. 15)

	  + 

Δ

 ∙ (φu) + 

Δ

 ∙ (Dr 

Δ

φ) = 0			   (14)

	 Dr = Cφ (1 − φ) Cr (1 − Cr),  Cr = Uf ∆t/d		  (15)
Here, C is a constant, and d is the distance between the centers of 
the symmetric cell and the adjacent cell. Both Berberović et al.’s 
model and Takatani’s model involve transport from cells with low 
volume fraction to cells with high volume fraction, with the trans-
port amount decreasing as the volume fraction approaches 0 or 1. 
Takatani’s model also accounts for the fact that numerical diffusion 
is zero when the Courant number is 0 or 1.

2.3	Calculation method for interfacial tension
The force acting at the interface between the gas phase and the 

liquid phase is called surface tension. At other interfaces, such as 
liquid/solid, it may be referred to as interfacial tension. This paper 
describes the gas-liquid interface, but the calculation method is not 
limited to this, so it is denoted as interfacial tension. Interfacial ten-
sion acts with a magnitude equal to the product of the interfacial 
tension coefficient σ and the curvature k. In the finite volume meth-
od, calculations are performed on cells divided into infinitesimal 
volumes, necessitating the conversion of interfacial tension into a 
volume force. The CSF method proposed by Brackbill 11) is an excel-
lent technique widely used in many models. For an ideal interface, 
assuming the interface position is x0, the interfacial tension at posi-
tion x is expressed using a delta function as shown in Equation (16).

	 FS = σkδ (x − x0)				    (16)
Figure 7 (a) shows the distribution of fluid fraction at an ideal 

interface. Due to numerical diffusion in numerical analysis, the in-
terface cannot be maintained as shown in Fig. 7 (a). Instead, the fluid 
fraction exhibits a gradient distribution over a width Δx, as shown in 
Fig. 7 (b). The CSF method applies the interfacial tension within this 
gradient range as shown in Equation (17).

	 FS = σk

Δ

φ				    (17)
This method converts interfacial tension into a volume force, en-
abling its calculation using the finite volume method. Naturally, 
smaller Δx values allow for higher precision in calculating interfa-
cial tension, and when Δx = 0, the result matches Equation (16).

Calculating interfacial tension requires curvature k. Curvature is 
calculated as the divergence of the unit normal vector nS in the inter-
facial direction, using Equation (18). 16)

k = 

Δ

 ∙ nS = 

Δ

 ∙   

   =  
						      (18)

where φxi
 =  and φij =  .

However, it has been reported that the curvature calculated from 
the volume fraction lacks sufficient accuracy for calculating interfa-
cial tension, and a calculation method using a Level Set function is 
more suitable. 17) The free surface calculation method combining the 
VOF method and the Level Set function is called the CLSVOF 
(Coupled Level Set and Volume Of Fluid) method. The Level Set 
function ψ (hereafter referred to as the distance function) represents 
the distance from the interface and satisfies Equation (19).

	 |

Δ

ψ| = 1					     (19)
While tracking the interface is possible by calculating the transport 
of this distance function using Equation (20), numerical diffusion 
causes it to no longer satisfy Equation (19), which defines the prop-
erties of the distance function.

	   + u ∙ 

Δ

ψ = 0				    (20)

To solve this problem, it is necessary to reinitialize the distance 
function using Equation (21). 18)

   + w ∙ 

Δ

ψ = S (ψ),   w = S (ψ)   ,   S (ψ) = 

						      (21)
Here, τ is the pseudo-time, and δC is the grid width. Re-initializing 
the distance function is sufficient for a few cells near the interface, 
and specifically, performing about 15 calculations is adequate. 19) 
The curvature is calculated by substituting the liquid fraction in 
Equation (18) with the distance function.

Furthermore, the distance function is also used in combination 
with the Heaviside function to calculate the density and viscosity in 
cells where gas and liquid phases coexist. In this calculation, this ef-
fect was small, so density and viscosity were simply calculated from 
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∂t
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∂t

Δ
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Fig. 7   Distribution of VOF around the interface between the gas and liquid phase
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the volume fraction. The Heaviside function is employed in cells 
where gas and liquid phases coexist to enhance the influence of the 
denser liquid phase. Applying this concept to interfacial tension cal-
culation yields the density-scaled CSF model, considered essential 
for milk crown calculations. The interfacial tension in the density-
scaled CSF model is given by Equation (22). 19)

	 FS =  σkδα (ψ) 			  (22)

Here, ρg is the density of the gas phase, and ρl is the density of the 
liquid phase. δα is the smoothed delta function, expressed as in 
Equation (23).

	
δα (ψ) =

    [1 + cos (   )]     if |ψ| < α		
(23)		            0                        else

α is the interfacial evaluation distance, which was set to the grid 
width.

To aid in understanding the calculation method, Fig. 8 shows an 
example of interfacial tension calculation. Figure 8 presents the re-
sults of calculating the interfacial tension occurring on a 3 mm radi-
us bubble in a two-dimensional, weightless aquatic environment. 
Figure 8 (a) shows the distribution of the fluid fraction, and Fig. 8 (b) 
shows the distribution of the distance function. The distance func-
tion performs reinitialization calculations using the position where 
the fluid fraction is 0.5 as the interface. Since the distance function 
is only necessary near the interface, calculations were not performed 
precisely to the bubble center. The interface calculated from the dis-
tance function is shown in the figure. Figure 8 (c) shows the curva-
ture calculation result; the curvature of a 3 mm radius bubble is 333, 
but the distribution is affected by the computational grid. Figure 
8 (d) shows the final interfacial tension calculated from Equation 
(22). The direction is not shown but points inward toward the bub-
ble. The density-scaled CSF model confirms that the interfacial ten-
sion value on the outer liquid phase side is increased. Applying a 

large interfacial tension to the low-density gas phase suppresses the 
generation of unnaturally high flow velocities on the gas phase side.

2.4	Velocity calculation method
The velocity is calculated using Equation (24) after computing 

the volume fraction transport, employing the density ρ n+1 and sur-
face tension Fs

 n+1 at the next time step. To obtain the velocity u n+1, 
Equation (25) is used with the predicted value set as u~ .

     + 

Δ

 ∙ (ρ n+1 un un) 

      = −

Δ

p n+1 + 

Δ

 ∙ (μ (

Δ

un + (

Δ

un)T) + FS
n+1 + ρ n+1 g	 (24)

     + 

Δ

∙ (ρ n+1 un un)

      = −

Δ

p n + 

Δ

 ∙ (μ (

Δ

un + (

Δ

un)T) + FS
n+1 + ρ n+1 g		 (25)

Taking the difference between Equation (24) and Equation (25) 
yields Equation (26).

	  = −

Δ

δp			   (26)

Here, δp is the pressure change relative to the previous time step, as 
shown in Equation (27).

	 δp = p n+1 − p n				    (27)
Dividing both sides of Equation (26) by density and then taking the 
divergence yields Equation (28).

	

Δ

 ∙ u n+1 − 

Δ

 ∙ u~  = −∆t

Δ

 ∙ (  

Δ

δp)		  (28)

The velocity at the next time satisfies the conservation condition in 
Equation (4), so ∆ ∙ u n+1 = 0, and Equation (28) becomes Equation 
(29).

	 ∆t
Δ

 ∙ (  
Δ

δp) = 
Δ

 ∙ u~ 			   (29)

By calculating Equation (29), the pressure change can be deter-
mined, and the velocity at the next time step can be obtained from 

ρ
 (ρg+ρl)

1
2

Δ

ψ
| 

Δ

ψ |

1
2α

πψ
α

ρ n+1 un+1 − ρ n un

∆t

ρ n+1 u~  − ρ n un

∆t

ρ n+1 (un+1 − u~ )
∆t

1
ρ n+1

1
ρ n+1

Fig. 8   Example of calculation results for interface tension
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Equation (26).
Furthermore, to improve the calculation accuracy of the convec-

tion term, the Adams-Bashforth scheme 20) is applied as shown in 
Equation (30). For upstream smoothing of the flow velocity, the 
quadratic upstream interpolation for convective kinetics (QUICK), 21) 
which is a second-order accurate scheme, is applied.

    

Δ

 ∙ (ρ n+1u nu n) =  

Δ

 ∙ (ρ n+1u nu n) −  

Δ

 ∙ (ρ nu n−1u n−1)	 (30)

3.	 Numerical Analysis Results
The numerical analysis code was developed in C language using 

a finite volume method for fluid analysis, and parallel computation 
was performed using Open MPI 22).

Results were compared with those obtained from photographing 
milk crowns using commercially available milk. A single drop of 
milk was dropped from a height of 55 cm using a hollow pipette 
onto a 1 mm thick liquid film of milk poured into a petri dish. This 
was captured using a high-speed camera operating at 1 000 frames 
per second.

Numerical analysis employed a computational mesh of 600 ×  
600 × 300 (108 million cells) by dividing a 30 × 30 × 15 mm domain 
into 50 μm intervals. The interfacial tension of milk was set to 
5 × 10−2 N/m, the viscosity coefficient to 1.7 × 10−3 Pa·s, and the den-
sity to 1 100 kg/m3. Based on preliminary calculations, Takatani’s 

model was used for the reverse diffusion calculation with a coeffi-
cient of 0.0001. From high-speed camera recordings, the diameter 
of the falling droplet was estimated at 3.6 mm and the droplet veloc-
ity at impact at 3.2 m/s; calculations were performed under these 
conditions. Without considering air resistance, the falling velocity 
from a height of 55 cm would be 3.28 m/s, which is considered rea-
sonable. However, considering image blur, the falling velocity is es-
timated to be between 2.9 and 3.2 m/s. Furthermore, although a vol-
ume sufficient to form a 1 mm thick liquid film was injected into the 
petri dish, the film at the impact location was likely thinner than 1 
mm due to surface tension.

Figure 9 compares the photographic results of the milk crown 
with the calculated results. The calculated results display isosurfaces 
for a volume fraction of 0.5 in three dimensions. To examine the ef-
fect of liquid film thickness t, calculations were performed for four 
levels: 3.0, 1.5, 0.8, and 0.6 mm. Case 4 aimed to approximate the 
photographic results by setting the falling velocity to v = 2.9 m/s.

Figure 9 compares experimental and computational results at 5 
ms and 10 ms after the liquid droplet impacts the film, with impact 
occurring at 0 ms. The experiment used 17 arms, matching the 15 to 
17 arms in the numerical analysis. When the liquid film is thick, the 
cylindrical section exhibits a flared shape. Since the experimental 
results show the cylindrical section is nearly perpendicular to the 
liquid surface, the shape in Case 4 (0.6 mm film thickness) is closer 
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Fig. 9   Comparison of the experimental results and numerical results
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to the experimental results. However, while the experimental milk 
crown shows the cylindrical section growing taller between 5 ms 
and 10 ms, the cylindrical height in Case 4 does not increase. Both 
the experimental results and Case 3 show the cylindrical section in-
creasing in height between 5 ms and 10 ms, confirming that colli-
sion velocity significantly affects the cylinder height. While Case 3 
in this calculation yielded results closest to the experiment, condi-
tions intermediate between Case 3 and Case 4 are thought to better 
match the experimental results. Thus, although this comparison 

lacks quantitative precision, it confirms that actual milk crowns can 
be reproduced through numerical analysis.

Figure 10 shows the results of calculations performed under the 
experimental conditions of Terzis et al. 4) for a urea aqueous solution. 
The droplet diameter is 2.1 mm, the falling velocity is 4.26 m/s, the 
interfacial tension is 7.28 × 10−2 N/m, the viscosity coefficient is 
1.37 × 10−3 Pa·s, the liquid film thickness is 0.252 mm, the density is 
1 083 kg/m3, and the We number is 560. The computational domain 
was 15 mm × 15 mm × 5.0 mm, with a grid spacing of 37.5 μm, and 

Fig. 10   Calculation results of milk crown for the urea-water solution
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approximately 20 million mesh calculations were performed.
Figure 10 shows that for approximately 0.5 ms after the droplet 

impacts the liquid film, the cylindrical liquid film bulges, generating 
minute droplets. Subsequently, by approximately 1 ms, the thickness 
of the upper end of the cylinder increases, and the protrusion grows 
to form an arm. Around 1.5 ms, a spherical droplet separates from 
the tip of the protrusion, forming a milk crown. At 2.3 ms, the drop-
let reaches the upper edge of the computational domain.

The number of arms confirmed from the calculation results is 
25, matching the 26 arms reported in Terzis et al.’s 4) experimental 
results. The shape of the milk crown closely matched the photo-
graphs reported by Terzis.

Figure 11 shows the results calculated with the droplet proper-
ties set to molten steel and the same We number as the urea solution 
in Fig. 10. The droplet and liquid film properties were set to the 
same values. The density of molten steel was set to 7 000 kg/m3, the 
interfacial tension to 1.0 N/m, and the falling velocity to 6.18 m/s to 
achieve the same We number of 560.

Figure 11 confirms that, for the same We number, the crown 
shape closely resembles that of the urea solution. However, due to 
the higher impact velocity and greater density, the velocity of the 
minute spray droplets was faster than that observed in the urea solu-
tion. Molten steel splatter is often evaluated using water models and 
categorized by We number. In this case, while the concave and con-
vex shapes are considered similar, the differing distances of the 
droplets are a concern.

4.	 Summary
We attempted to reproduce the natural phenomenon known as 

the milk crown through numerical analysis. Reproducing this phe-
nomenon, occurring over just a few square centimeters for a few 
milliseconds, required numerous techniques and substantial compu-
tational resources. The insights gained will be incorporated into fu-
ture analyses of multiphase flow processes. Numerical analysis of 
large-scale processes in the iron and steel industry cannot realisti-
cally perform calculations as intricate as those for the milk crown. 
Therefore, it is necessary to extract key phenomena, model them, 
and obtain solutions within a practical computational time. Identify-
ing these key phenomena is considered the essence of numerical 
analysis, as it enables an understanding of the process’s fundamental 
nature.
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